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A theory of the superconducting transition temperature using a simple model for the electron-phonon 
interaction has been used to calculate the pressure dependence of the transition temperature for nontransi­
tion metals. The pressure dependence of the Debye temperature and phonon frequencies is included by using 
a Griineisen model. The theory is compared to experiment for aluminum, lead, zinc, cadmium, indium, and 
tin, and the agreement is generally quite good. The results have been used to predict the critical pressures 
at which T.=Oj and for the cases of zinc, cadmium, and possibly aluminum, it should be possible to carry ' 
out experiments where T. is pushed below presently measurable temperatures. The empirical T. = f (P) rela­
tions published in the literature are discussed and compared with the present results. 

I N roughly the last ten years, there has been a great 
deal of work on the effect of pressure on super­

conductors. There have been various experimental 
investigationsl- 17 of the behavior of the superconducting 
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transition temperature (To) as well as a number of 
phenomenological analyses4,5,I2,I3,I6,18 which have tried 
to describe the systematics of the behavior of To with 
pressure. There has, however, been no serious attempt 
to try to understand th~ pressure dependence from a 
detailed consideration of the interactions involved. In 
this paper the pressure dependence of To for nontransi-
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tion metals is calculated from an explicit microscopic 
formulation of the electron-phonon interaction. The 
results agree well with the available data and allow pre­
dictions as to what should happen at higher pressures. 

The theory used contains the isotropic spherical 
model for the electron-phonon interaction which was 
successful in accounting for the electron concentration 
dependence of T. in lanthanum selenide.l9 The param­
eters entering the calculation are the valence, lattice 
parameter (ao), Debye temperature (eD), band mass, 
and strength of the core repulsion in the point-ion 
pseudopotential.20 The first three are, of course, well 
known for the elements. The band mass (mB) is deter­
mined from the specific-heat effective mass2l (m*) and 
T. by using McMillan's equation22 

eD ( 1.04(1+>-») 
T.=--exp 

1.45 >--,1.1*-0.62>-,1.1* 
(1) 

and 
m*=mB(1+>-) , 

where >- is the electron-phonon coupling constant and 
,1.1* the Morel-Anderson Coulomb repulsion.23 One can 
eliminate >- and find 

1-0.62.u*-1.04ln-lQ.6geD/ T. 
mB=m*------------

1+0.38,1.1* 
(2) 

The calculation of ,1.1* involves the known parameters, 
valence, ao and eD, as well as the band mass mB. The 
value of mB is varied until a self-consistent value is 
found from Eq. (2) and the Morel-Anderson expression23 

for ,1.1*. 
The pseudopotential used includes all-function 

repulsion at the nucleus in the point-ion potential which 
is taken directly from Harrison.20 

The one additional correction that must be made 
comes from the use of a jellium phonon spectrum in 
the calculation of >-. This spectrum is still used but the 
phonon frequencies are corrected for by a factor (see 
Ref. 19) 

where Wj is a jellium phonon frequency and Wq should 
be a corresponding "real" phonon frequency determined 
in some way (e.g., by the measured sound velocity or 
Debye temperature). In this paper, however, rT is 
considered an undetermined parameter and is evaluated 
by fitting the theory to the measured zero pressure T. 
to obtain the proper zero-pressure result. 
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PRESSURE DEPENDENCE 

What I will actually calculate will be the volume 
dependence of T. since this has a more fundamental 
meaning from the point of view of the theory of super­
conductivity. The experimental values of pressure to 
which the results will be compared will be converted to 
volume using the experimentally determined pressure 
dependence of volume.24-30 

The parameters having a volume dependence are 
ao, eD, and Wq • The dependence of ao on volume for 
the cubic materials is, of course, trivial, for non cubic 
materials it is not so simple because the c/ a ratio is not 
constant with pressure. This fact has been neglected 
here so that ao'" Vl/a is used in all cases. For the volume 
dependence of the phonon frequencies and eD the 
Griineisen3l approximation is used. The Grtineisen 
constant ('Y) is given by 

d Inw= -'Yd lnV, 

which is integrated to give 

W=wo(V /Vo)-'Y , 

and similarly for eD : 

This expression is used directly for the volume depend­
ence of eD • For the phonon frequencies, however, the 
volume dependence will be included in the parameter rT 
which also includes the factor Wj. The volume depend­
ence of Wj is contained in the factor 

N q2 V-l V-2/3 
W j",-", = V ..... /3 

1 k.2 V-l /3 ' 

where N is the number of ions/eml , q is the phonon 
wave vector, and k. is the Fermi-Thomas screening 
constant. Therefore rT is taken to vary as 

rT= rTo(V /Vo)..-2/3• 
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The pseudopotential core repulsion and the band mass 
are assumed to be volume-independent. 

The strength of the volume dependence is then 
given by the Grtineisen parameter 'Y. The value of 'Y is 
not well known, especially at low temperatures, so it 
it will be used as an adjustable parameter to fit the 
measured volume dependence of T •. The values of 'Y 
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FIG. 1. Volume and pressure dependence of T. for aluminum. 
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FIG. 2. Volume and pressure dependence of T. for lead . 
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FIG. 3. Volume and pressure dependence of T. for zinc. 
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FIG. 4. Volume and pressure dependence of T. for cadmium. 
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FIG. 5. Volume and pressure dependence of T. for indium. 

FIG. 6. Volume and pressure dependence of T. for tin. 

so determined will then be compared to the various 
measured values determined by other means. 

The results are shown in Figs. 1- 6. T. is plotted as a 
function of Ll V / Vo (Ll V = V - Yo) for aluminum, lead, 
zinc, cadmium, indium, and tin. The general agreement 
between theory and experiment is good; however, the 
experiments have not yet been taken far enough out of 
the region of linear behavior in Ll V /Vo. The values of 'Y 
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used are given in Table I along with the measured values 
of 'Y. The values determined by fitting the pressure 
dependence lie within the range of measured values for 
all the metals except zinc and tin. For cadmium, 
although the value for 'Y is in the observed range, T. 
appears to continue downward linearly beyond the 
point where the theory would predict (Fig. 4). The 
difficulty with these metals may lie in the failure to 
take the change in cia into account but is most likely 
due to the fact that the isotropic jellium phonon 
spectrum is a worse approximation for noncubic metals 
than for cubic metals. 

The measurements of Wittig14 should be most 
significant in comparing theory with experiment since 
they extend furthest into the nonlinear region. However, 
since the consistency of these data with the low-pressure 
data of others is not good, there is some doubt as to 
how really reliable are these data. In any case, for Pb 
and Sn two curves are plotted, one fitting the low­
pressure data and the other Wittig's data. 

Using the theoretical curves one can get a prediction 
of the volume and pressure at which T. will go to zero. 
Table II gives the critical pressure and volumes for 
which T.= 5 X 10-3 OK, which is the order of the lowest 
practical measurements at present (although perhaps 
not in conjunction with pressure measurements), and 
the values for which T.=O, that is, when the Coulomb 
repulsion equals the attractive electron-phonon interac­
tion so that the net interaction creases to be attractive. 
These pressures are generally quite high but are within 
the range of accessible low-temperature high-pressure 
experiments for zinc and cadmium and perhaps even 
aluminum. These estimates should probably be lower 

TABLE I. Griineisen parameters. 

GrUneisen relation 
Slater- Shock wave 

Lattice Electronic Bridgman Thermo-
Present Room Low low relation dynamic DU3dale-
work temp. temp. temp. (a) (b) Mc onald 

AI 1.92 2.18> 2.6' 1.8' 1.96 1.87d 

2.35 •. 1 2.3' 2.0' 2.09-
Pb 2.11 2.84' 2.6' 1.7' 1.12 2.77 2.03b 

2.27 2.65' 2.4' 0.8' 2.64b 

2.46-
Zn 2.65 2.05' 2.15 2.45 2.12b 

2.11~ 

Cd 2.35 2.3Qo 2.7' 0.7· 2.10 2.32 2.34b 
2.34· 2.22" 

In 1.92 2.48> 1.60 
Sn 1.65 2.27' 1.85 2. 11 1.95b 

1.79 2.15" 2.01 ' 
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AI 
Pb 

Zn 
Cd 
In 
Sn 

TABLE n. Critical values and pressures. 

1.92 
2.11 
2.27 
2.65 
2.35 
1.92 
1.65 
1.79 

T.=5XIQ-, OK 
-~V/Vo P (katm) 

0.143 200 
0.425 1200 
0.387 900 
0.122 120 
0.125 92 
0.429 1600" 
0.297 410 
0.269 320 

T.=OOK 
-~V/Vo P (katm) 

0.329 860 
0.587 5()()()a 
0.543 3400 
0.290 660 
0.317 700 
0.758 50 ()()()a 
0.540 3800 
0.484 2400 

, Extrapolated values from existing V = f(P) data at lower pressures. 

limits since at high pressures 'Y decreases as pressure 
increases,26-28 This should not seriously affect the values 
for the lowest critical volumes and pressures since at 
these modest values the changes in 'Yare small. The 
data for cadmium, in fact, suggest that the critical 
volume and pressure should be even less than that 
given in Table II. 

EMPIRICAL RELATIONS FOR PRESSURE 
DEPENDENCE OF T. 

There have been a number of empirical relations for 
the volume and pressure dependence of T. that have 
been constructed from observation of the consistencies 
in the data between different elements. 

Smith and Chu18 pointed out that for a great majority 
of the data one can write 

This relation can be obtained from the present theory 
by expanding in a Taylor series about V o, From Figs. 
1-6 it is clear that the theory does indeed give a linear 
region in A V IVo for small A VIVo. As pointed out 
previously, the data do not yet extend appreciably 
into the nonlinear region; however, considering the 
form of the interaction19 it is not reasonable to expect 
this linear dependence to continue for large AV I'Vo. 

A second relation was suggested by Rohrer. 4,5,12,13 If 
we take the BCS32 equation 

we can differentiate T ./eD with respect to V and obtain 

eD d In[N(O)U] 
In- . 

T. d In V 

If the derivative on the right-hand side is now evaluated 
from the experimental pressure-dependence data, one 

n J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957). 
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TABLE III. Comparison with Rohrer's model. 

q, 
Ref. 13 'Y A p.* 

AI 3.7 1.92 0.392 0.104 
Pb 2.0 2.11 1.080 0.082 
Zn 2.2 2.65 0.383 0.087 
Cd 3.2 2.35 0.363 0.085 
In 2.3 1.92 0.688 0.087 
Sn 2.3 1.65 0.574 0.089 

finds that it is a constant, so that 

where 

dln(T./eD ) 
¢ In(eD/T.) , 

dlnV 

d In[N(O)UJ 
¢= '"'-'2.5. 

dlnV 

q, 
Eq. (3) 

2.7 
1.6 
4.0 
3.5 
1.8 
1.6 

In the present theory the equivalent of N (0) U IS 

approximately [Eq. (1)J 
'A-J.1.* 

N(O)U~--. 
1+'A 

Using the dependence on volume discussed in the 
previous section, an explicit expression can be found 
for ¢: 

(3) 

Table III shows the value of these parameters along 
with the Levy-Olsenl3 values for ¢. They are all in the 
same range and vary around an average value of about 
2.5. It is difficult to read any significance into Eq. (3) 
and it appears that the reason for the relative constancy 
of ¢ is just the nature of the result j l' is of the same 
order for all the elements and since, in general, 'A:::; 1 
and 'A»J.1.* the factor involving 'A and J.1.* is of the order 
of 0.75±0.25, so that ¢ is relatively insensitive to the 
variation of these parameters. 
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FIG. 7. Volume dependence of the electron-phonon and Coulomb 
repulsion coupling constants in aluminum. 

The third form suggested by Ginzburg,18 based upon 
the theory of second-order phase transitions, is 

T.=ae-b/(Pr-P) , 

where p. is a critical pressure for the destruction of 
superconductivity. The present theory does not fall 
easily into an expression of this form. For cadmium, 
however, which is the metal to which Ginzburg's 
expression has been applied,12 it can be seen that the 
form is reasonable. For cadmium we can simplify Eq. 
(1) to 

T ."'e-1f('1.-,,·) • (4) 

N ow from Fig. 7 it is seen that the pressure dependence 
of J.1.* is negligibly small compared to 'A, so that J.1.* can 
be replaced by 'A., that is, the 'A at which T.=O. Then 
using a power law for 'A (which is the case in the present 
theory where n= 2'Y-t), 

'A='Ao(V /Vo)n, 

and Bridgman's relation24 for volume as a function of 
pressure, 

one gets 
V/Vo= 1-aP+{JF2, 

~'Ao(1-naP) 

limited to linear terms in P (P. for cadmium is 80 katm, 
so that this is not too bad). Then Eq. (4) becomes 

T.",exp( -1 )=exp(-l/ na'Ao) 
'Ao(1-naP)-'Ao(l-naP.) P.-P' 

the Ginzburg form. 

CONCLUSIONS 

The theory accounts very reasonably for the observed 
pressure dependence of Te . However, the presently 
available data are mostly in the linear region, so that a 
really good test is not yet possible. It would be of 
interest to have higher pressure measurements in the 
cases of Zn, Cd, and AI, where it should be possible to 
get into the nonlinear range. In the case of the hexagonal 
metals, it should even be possible to decrease T. to 
zero (at least below presently attainable temperatures) . 
One could improve the calculations in a number of 
ways; in particular, it is possible to account for the 
fact that 1'= f(P) and to use a more reasonable model 
for the properties of a noncubic lattice. Upon the 
appearance of more extensive data these improvements 
would be well worth undertaking. The discussion of the 
various empirical models shows why they reasonably 
fit the cases to which they have been applied but shows 
up their limitations as relations which one can use for 
prediction into unknown regions. 


